Introduction
Let M be a closed hyperbolic 3-dimensional orbifold (see T], Sc] for de nitions), 0 : 1 (M) ! Isom(H 3 ) be its holonomy representation. Denote the conjugacy class of 0 by 0 ]. In this paper we discuss whether for n = 4 the point 0 ] is isolated in the space R( 1 (M); n) = Hom( 1 (M); Isom(H n ))=Isom + (H n )
If 0 ] is isolated, then the corresponding representation is called locally rigid.
A suborbifold in M is said to be a virtual ber in a ber bundle over S 1 if M admits a nite-sheeted covering p : M 0 ! M such that M 0 is bered over a circle and a component of the preimage p ?1 is a ber of this bration.
We start with the following Conjecture 1. The representation 0 is not locally rigid if and only if M contains an incompressible 2-suborbifold which is not a virtual ber in a ber bundle over S 1 Ka 1, Ka 2]. Certainly the case of manifolds is the most interesting and most complicated. The main aim of this paper is to show that Conjecture 1 is not absolutely groundless. First our results deal with re ection orbifolds. In this case we will prove Conjecture 1 and nd that R( 1 (M); 4) is a smooth manifold of dimension (f ?4), where f is the number of \faces" of the re ection orbifold (Theorem 1). Then we shall consider orbifolds of nite volume and examine the \restriction" map @ T : PR( 1 (M); 4) ! PR( 1 (T ); 4) where T is an incompressible Euclidean suborbifold corresponding to a \cusp end" of M; PR(:) mean the space of representations whose restrictions on cyclic parabolic subgroups of 1 (M) Isom(H 3 ) are induced by conjugations in Isom(H 4 ). Under some conditions the image of this map is 1-dimensional (Example 1 ). The question about deformations of such kind arises naturally if we are trying to construct at conformal structures on manifolds obtained by gluing of two hyperbolic ones along boundary tori GLT] , Ka1]. Unfortunately, in the general case, the map @ T is zero to the rst order (Theorem 3). We prove the \only if" part of Conjecture 1 for in nitely many non-Haken manifolds arising after Dehn surgery on 2-bridge knots (Theorem 2). These are the rst examples of closed hyperbolic 3-manifolds M whose fundamental group are locally rigid in R( 1 (M); 4). Moreover, we prove that for each hyperbolic 2-bridge knot K S 3 there exists only one conjugacy class of discrete faithful representations of 1 (S 3 ? K) into Isom(H 4 ) (Section 5).
Preliminary geometric results.
In this section we collect several elementary facts about geometry of Euclidean spheres in S 3 .
Denote by C the set of all Euclidean spheres in S 3 of positive radius. Then C has a natural topology and is a smooth 4-manifold. By Mob(S n ) we denote the group of Moebius transformations acting on S n . We shall suppose that the hyperbolic 3-space H 3 is realized as a unit ball in R 3 R 3 = S 3 ; thus Isom(H 3 ) is the group of Moebius transformations of S 3 which leave H 3 invariant. Mob + (S n ) is the subgroup of orientation-preserving Moebius transformations of S n .
Lemma 2.1. Let Proof of Lemma 2.1. We present the proof that was suggested to the author by N.Kuiper instead of the original one. Consider the sphere S 3 as a round sphere in the a ne space A 4 RP 4 ; respectively Mob(S 3 ) PGL(5; R). Every sphere 2 C is the intersection of S 3 with some a ne hyperplane P A 4 ; = (P ). Denote by P 2 RP 4 the polar of with respect to S 3 (i.e. such point that tangent cone from P to S 3 touches S 3 at ). Denote bŷ P the closure of P in RP 4 .
Then it is easy to see that (P ) is orthogonal to (Q) i P 2Q (it is su cient to consider rst the case of P 6 2 A 4 and then apply Mob(S 3 ) PGL(5; R)). Now consider the polars P j corresponding to j (j = 1; : : : ; 4). LetP be the extended hypersubspace in RP 4 which passes through these points. Then we have 3 possibilities: (i) the intersection P T S 3 is a sphere of positive radius. This is the desired sphere .
(ii) The intersection P T S 3 is a point 1 2 S 3 . Then P j 3 1 , so we have the case (ii) of Lemma.
(iii) The intersection above is empty. Then P 2 int(S 3 ) and the point P lies in the intersection P 1 T P 2 T P 3 T P 4 . Applying a projective transformation from Mob(S 3 ) we can map the point P in the center of S 3 . So, j are \great spheres" in S 3 which are totally geodesic in elliptic geometry. Lemma is proved. (4; 1)). Realize the hyperbolic 3-space H 3 as the upper half-space R 3 + = f(x 1 ; x 2 ; x 3 ) : x 3 > 0g. Pick an arbitrary sphere 0 i as above , center of 0 i is a point (x 1 ; x 2 ; 0). Then de ne the family t i of spheres with the same radius as 0 i and center at (x 1 ; x 2 ; t) , (t 2 R). Let r t (i) = ( 1 ; ::: t i ; :::; f ) 2 C f . For every sphere 0 j adjacent to 0 i the function ( 0 j ; t i ) has maximum at the point t = 0. So, d=dt( ( 0 j ; t i ))j t=0 = 0 Therefore, the vector d=dt(r t (i))j t=0 is tangent to Hom(? ; SO(4; 1)) C f . By direct calculations it's possible to show that fd=dt(r t (i))j t=0 : i = 1; :::; f ? 4g forms a basis of H 1 (? ; so(4; 1)).
Remark 3. The same construction 3.2 works for hyperbolic re ection orbifolds of arbitrary dimension. Thus, if ? SO(n; 1) is any discrete re ection group then dimH 1 (?; so(n+ 1; 1)) = maxff ? n ? 1; 0g where f is the number of faces of the fundamental polyhedron of ?.
Rigidity of 2-bridge knots.
In this section we will need the following Lemma 4.1. Suppose that G is a nitely generated group, E a G-modulus, R is an element of G so that R = for each 2 E. Denote by : G ! G=hhRii = G 0 the natural projection epimorphism, where hhRii is the normal closure of R in G. Let x] 2 H 1 (G; E) be a class such that the restriction of x to hRi is zero in Z 1 (hRi; E). Then (i) E is G 0 -modulus: g 0 = g for any g 2 ?1 (g 0 );
(ii) there is a class x 0 ] = (x) 2 H 1 (G 0 ; E) such that x 0 (g 0 ) = x(g) for each g 0 2 G 0 ; g 2 ?1 (g 0 ).
Proof. De ne x 0 as x 0 (g 0 ) = x(g). Since the action of R on E is trivial, then the de nitions of g 0 and x 0 don't depend on the choice of g 2 ?1 (g 0 ).
Let K S 3 be a 2-bridge knot (see R]). Let (p; q) be a pair of coprime integers.
Remove from S 3 an open regular neighborhood N(K) of the knot K and denote the resulting manifold with boundary by M 1 = M(K; 1). We shall consider only hyperbolic 2-bridge knots K, i.e. such that int(M(K; 1)) admits a complete hyperbolic structure. Denote by a simple homotopically nontrivial loop on @M(K; 1) such that bounds a disc in N(K); let @M(K; 1) be a simple homotopically nontrivial loop which is homologically trivial in M(K; 1). Denote by M (p;q) the manifold obtained from M 1 by attaching a solid torus T along the boundary so that the loop p q bounds a disc inT . Suppose that (p; q) are not coprime, and k is their greatest common divisor. Denote byT (k) the orbifold whose underlying set is D 2 S 1 and the singular set f0g S 1 has order k.
Then M (p;q) is the orbifold obtained from M 1 by attachingT (k) so that the loop p=k q=k bounds a disc inT(k) with one singular point.
This procedure is called the generalized Dehn surgery on the knot K; (p; q) are parameters of the surgery.
Remark 4. This de nition is slightly di erent from the standard one.
Then for all but nite coprime parameters (p; q) of Dehn surgery on K the resulting manifolds are hyperbolic and are not su ciently large H-T]. For a group F and representation : F ! SO(n; 1) we denote by Ad n the corresponding adjoint representation on the Lie algebra so(n; 1).
Theorem 2. For in nitely many coprime (p; q) the groups 1 M (p;q) are locally rigid in SO(4,1) and moreover H 1 ( 1 M (p;q) ; Ad n ) = 0.
Proof of Theorem 2. Consider the uniformization M = S 3 nK = H 3 =?. Then ? = hx; yjxw = wyi, where w = w(x; y), x; y are parabolic elements of ? PSL(2; C ). Denote by A the maximal parabolic subgroup of ? which contains hxi; A = hxi hzi where the elements x; z are represented by the loops and respectively.
First consider the case of a \singular" Dehn surgery (r; 0) on the knot K such that in the fundamental group of the hyperbolic orbifold M (r;0) the image of x has the order r. The Abelian group r A is generated by one hyperbolic and one elliptic element; thus its action on R 3;1 has no nonzero xed vectors and Hence # is a monomorphism with 2-dimensional image.
Recall that for H-modulus F the space F H is the set of elements of F xed under the action of H. Now, consider the exact sequence: 0 ! R 2 = H 1 (hzi; so(3; 1) r (x) ) ! ! R 4 = H 1 (A; Ad 3 r ) ! H 1 (hxi; Ad 3 r ) hzi ! 0 However, y acts trivially on H 1 (hxi; Ad 3 r ) because A is Abelian and H 1 (hxi; Ad 3 r ) = H 1 (hxi; co (2)) where co(2) is the Lie algebra of the centralizer of r (x) and r (z) in SO(3; 1) . This follows that the restriction map res 3 is surjective.
Therefore, Im(res 2 ) = Im(res 2 ) = Im(# res 3 ) = Im(#) = R 2 . Notice also that Ker(res 1 ) = Ker(res 2 res 1 ) = 0 (accoridng to (i)) and Ker( ) = 0 (for instance because res 0 is injective Lemma 4.3 The set E is Zariski dense (over R) in R 0 (?; 3).
Proof.
Step 1. The element 0 (x) is a parabolic element in PSL(2; C ). Take a simply connected neighborhood V of 0 (x) in PSL(2; C ). For each g 2 PSL(2; C ) choose a liftg of g to SL(2; C ) and de ne (g) to be the ratio of eigenvalues ofg (this is well dei ned up to inversion).
We can choose V to be so small that the image of does not intersect the set of nonpositive real numbers. Then extend the function to the orbit of V under the conjugation by PSL(2; C ) as:
(hgh ?1 ) = (g) Finally we put
where we choose the branch of logarithm so that log(1) = 0. Then, u 0 ] = 0. The function u( ]) is well de ned up to the multiple 1 and there is a way to choose this multiple so that function u is a holomorphic embedding of W into C (see NZ]). Put E = u(E) and U = fjzj=z; z 2 E g The set U is dense on the unit circle (see NZ]) and the points of E accumulate to zero. Therefore, the set E cannot lie on any real-analytic subset of u(W).
Step 2. Suppose that E is not Zariski-dense and E f ?1 (0) for some nontrivial polynomial f. Then E \ W is contained in the real-analytic set (f u) ?1 (0) which is impossible. De nition. Let PZ 1 (?; so(4; 1)) be the subspace of cocycles 2 Z 1 (?; so(4; 1)) such that the restriction of to each cyclic parabolic subgroup h i ? is a coboundary in Z 1 (h i; so(4; 1)). Then put PH 1 (?; so(4; 1)) = PZ 1 (?; so(4; 1))=B 1 (?; so(4; 1)) The space PH 1 (?; so(4; 1)) is called the space of \parabolic cohomology classes" and PZ 1 (?; so(4; 1)) is the space of \parabolic cocycles".
Theorem 3 For every maximal parabolic subgroup A ? we have res A : PH 1 (?; so(4; 1)) ! PH 1 (A; so (4; 1)) is identically zero.
Proof. The space so(4; 1) admits the Ad ? -invariant decomposition so(4; 1) = so(3; 1) V , where V = R 3;1 is the Lorentz vector space JM]. This splitting induces the natural decomposition PH 1 (?; so(4; 1)) = PH 1 (?; so(3; 1)) PH 1 (?; V ): However, PH 1 (?; so(3; 1)) = 0 by Calabi{Weil{Garland{Raghunathan Rigidity theorem GR], R]. Therefore, projections of every ] 2 PH 1 (?; so(4; 1)) to PH 1 (?; so(3; 1)) and PH 1 (A; so(3; 1)) are zero. However, PH 1 (A; V ) = 0 since PH 1 (A; so(4; 1)) = PH 1 (A; so(3; 1)) So, res A ( ]) = 0. 5.2. Example. Let ? SO(3; 1) be the fundamental group of the complement to any hyperbolic 2-bridge knot (as in the Section 4).
Theorem 4 PH 1 (?; so(4; 1)) = 0.
Proof. Suppose that 2 PZ 1 (?; so(4; 1)) be a nonzero cocycle. Denote by ? the free group generated by x; y. Then, applying the arguments of Lemma 4.2, we construct a smooth family of representations t of ? into SO(4; 1) such that:
(i) 0 = id ; (ii) t (x) and t (y) are all conjugate to x and y for all t ;
(iii) the curve t is tangent to the lift of to ? .
Each transformation t (x) and t (y) is conjugate in SO(4; 1) to a Euclidean translation. This implies that every 3-dimensional hyperbolic subspace of H 4 which contains 1-dimensional horocycle of t (x) is invariant under t (x); the same is true for t (y). We can assume that t (x) is a Euclidean translation along a line`in the upper-halfspace model of H 4 . Let P be a Euclidean 3-dimensional subspace in R 4 which contains`, horocycle of t (y) and orthogonal to the absolute of H 4 . It follows that t (?) has an invariant 3-dimensional hyperbolic hyperplane P \ H 4 . The same arguments as in Lemma 4.2 imply that 2 B 1 (?; so(4; 1)). 6. Three examples. Notation. For any orbifold O we shall denote by jOj its underlying set. For a face P of a polyhedra we shall denote by St P the set o all those faces of which have nonempty intersection with P; St P = St P ? fPg. We shall suppose that H 3 is realized as a unit ball in R 3 .
Bending deformations. The following is not the most general description of the \bending", but it's enough for our aims. Suppose that G SO(n+1; 1) is any group which splits as the amalgamated free product G = G 1 J G 2 so that:
(1) G 1 and G 2 have nite centralizers in SO(n + 1; 1); (2) the centralizer Z J of the group J in SO(n + 1; 1) is 1-dimensional. Take a nondegenerate curve t in Z J which contains 1. Then put G t to be the group generated by G 1 and t G 2 ?1 t . It's easy to see that G t = t (G), where f t : t 2 0; 1]g is a continuous curve of homomorphisms of G in SO(n + 1; 1). This curve de nes a nontrivial deformation of the identity representation of G in SO(n + 1; 1). Such deformation is called the \bending in J". 6.1. Example 1. Suppose that we are given a nite-sided convex polyhedron H 3 with the following properties:
(a) for some compact face P of all but one faces of St P are orthogonal to a common geodesic plane H 3 ;
(b) among the faces in St P there is a face Q 2 which enters a cusp made by the faces Q 1 ; Q 2 ; Q 3 ; Q 4 where Q 3 ; Q 4 2 St P .
Then Q 2 is orthogonal to Q 3 ; Q 4 . Suppose that is the fundamental polyhedron for the discrete group ? generated by re ection in its faces.
Denote by A the group generated by re ections in Q 1 ; Q 2 ; Q 3 ; Q 4 .
Consider a nontrivial continuous family Sp ( Then (Sp(P ); Sp(Q) 2 ) (Sp(P ); Sp(Q 2 )). For all su ciently small values of there is an elliptic rotation ' 2Mob(S 3 ) around the circle @ 1 such that:
(Sp(P ) ; Sp(Q) 2 ) = (Sp(P ); Sp(Q 2 )) , where ' Sp(P) = Sp(P) . De ne the new con guration of spheres Sp( ) , that consists of the same spheres as Sp( ), except of Sp(P) and Sp(Q 2 ) which are deformed to Sp(P) and Sp(Q) 2 respectively. Then Sp( ) has the same combinatorial type as Sp( ) and the same angles between spheres. The group generated by the re ections in the spheres of Sp ( One can generalize this example, however in general case it is rather di cult to determine : whether or not we obtain nontrivial deformations of cusps.
6.2. Example 2. Consider the convex polyhedron in H 3 which is drawn on Figure   1 . As usual, if an edge e of is labelled by the integer n then the dihedral angle of at e is =n. Let G be the group generated by re ections in the faces of . First, nd all totally geodesic suborbifolds in . There are only 3 incompressible suborbifolds D i in : @jD i j = j , i = 1; 2; 3 (see Figure 1) . examples JM] when a linear combination of two bending cocycles is not tangent to any smooth curve in the representation variety.
6.3. Example 3. Our next aim is to construct an example of group H which does not admit bending deformations at all, while it is possible to deform H since its fundamental polyhedron has six faces.
Change only one dihedral angle of the polyhedron : instead of the angle =3 at the edge j we consider the angle =5. Denote the new polyhedron by .
(i) The same arguments as in Example 2 imply that 1 cannot be boundary of a totally geodesic suborbifold D 1 of .
Next notice that both 2 ; 3 don't intersect the edge j . (ii) Consider the curve 2 @j j and suppose that 2 = @jE 2 j; E 2 is a totally geodesic suborbifold. Then split along E 2 and obtain two parts : + 2 j and ? 2 which does not contain j. The hyperbolic polyhedron ? 2 is isometric to ? 2 . Then the rectangles D 2 and E 2 are also isometric. Fix the polyhedron + 2 , the face E 2 @j + 2 j and denote the faces in St E 2 by Q i (i = 1; : : : ; 4) so that Q 1 j . The remaining face in @ + 2 nSt E 2 will be denoted by S. Then: S meets Q i (i = 1; 2; 3) by the angles =2; =3; =2 ,
Sp(S) is orthogonal to @H 3 .
The sphere Sp(S) with the properties (a), (b) is unique up to the re ection 2 in E 2 ( 2 preserves Q 1 ). Thus, (a) &(b) , the angle between S and Q 1 is equal to =5 . However, we can consider Sp(Q i ) as spheres which contain faces of the polyhedron + 2 (since D 2 is isometric to E 2 ). Let R be the remaining face of @j + 2 jnSt D 2 . Then R has the same properties (a), (b), however the angle between R and Q 1 is equal to =3. This contradiction implies that E 2 cannot be a totally geodesic suborbifold in .
(iii) The same arguments as above are valid for the curve 3 . So the curves k (k = 1; 2; 3) cannot be boundaries of underlying sets of totally geodesic suborbifolds of . Hence does not contain totally geodesic suborbifolds at all.
Let H be the discrete group generated by re ections in faces of . Then H does not admit bending deformations, however Theorem 1 implies that the deformation space R(H; 4) is 2-dimensional. 6.4. Conjecture 2. For every cocompact discrete subgroup G Isom(H 3 ) the variety R(G; 4) is smooth at the point id].
